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Introduction
It is well-known that the Stratton-Chu formalism [1,2] allows a complete reconstruc-
tion of the interior and exterior electromagnetic ﬁelds (E,H) inside and outside a
simply connected isotropic domain Ω with smooth boundary ∂Ω merely by knowl-
edge of the tangential ﬁeld components (Et,Ht) [3] or the equivalent magnetic and
electric currents [4] on the boundary ∂Ω in the absence of sources. A still stronger
statement, resulting from the inherent duality of both Maxwell’s equations and the
Stratton-Chu formalism, is that only one tangential ﬁeld component Et or Ht (in
other words only one equivalent magnetic or electric current), is needed in order
to describe the complete ﬁeld conﬁguration in the absence of source terms, except
notably under resonance conditions. It follows that there exists a linear opera-
tor relationship between the equivalent magnetic and electric currents, called the
Dirichlet-to-Neumann or Poincare´-Steklov operator [3]. In [5] it is indicated how
the Poincare´-Steklov operator can be extracted from the Caldero´n projectors [2] by
means of a Schur complement method (see also [6] for the 2D case).
In this note we show, by invoking Lorentz reciprocity [7], that the Dirichlet-to-
Neumann operator can be interpreted as a complex symmetric (C-symmetric) [8]
operator mapping the tangential electric ﬁeld (instead of the equivalent magnetic
current) onto the equivalent electric current. The Dirichlet-to-Neumann operator
in the Lorentz reciprocity context is therefore a genuine admittance operator. It is
shown that the Caldero´n projectors can be reformulated as operators with a block
Hamiltonian structure, well-known from Hamiltonian dynamical systems [9] and La-
grangian subspace techniques [10]. This results in a novel explicitly C-symmetric
Schur complement expression for both the interior and exterior admittance opera-
tors.
Lorentz reciprocity and Hamiltonian Schur symmetry
For ﬁelds (E1, H1) and (E2, H2) both satisfying the source-free time-harmonic (eiωt
time dependence) Maxwell equations ∇×E = −iωµH, ∇×H = iωE in the simply
connected domain Ω ⊂ R3 with boundary ∂Ω, the Lorentz reciprocity law [7] can
be stated in terms of the tangential components (Et,Ht) as
∫
∂Ω
[
Et1 · (n×Ht2)−Et2 · (n×Ht1)
]
dS = 0 (1)
Since formula (1) holds for all possible tangential ﬁelds, this implies that there is a
C-symmetric operator (the Dirichlet-to-Neumann or admittance operator) Y = Y ′
mapping Et = −n× (n×E) onto n×Ht = n×H. It is important to note that the
transpose operator Y ′ is deﬁned with respect to the bilinear [8] or ’pseudo’ inner
product [11] p. 113 on the boundary, i.e., 〈X|Y〉 = ∫∂ΩX ·Y dS. Stated otherwise,
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the Lorentz reciprocity relationship (1) implies that
n×H = Y[Et] (2)
where Y is a C-symmetric operator. Letting N denote the local operator n× , the
non-C-symmetric operator mapping the equivalent magnetic current M = n × E
onto the equivalent electric current J = n×H [1,4] is S = −YN . Although it is not
C-symmetric, the operator S has, somewhat misleadingly, been coined admittance
operator in [3,5]. Also, interestingly, formula (2) can simply be written as J = Y Et,
which has a distinctively nice reciprocal electrical network ﬂavor : an inﬁnity of
ports on the boundary ∂Ω with ’voltages’ Et (in V/m) and currents J (in A/m)
which are related by means of the C-symmetric admittance operator Y.
Next, deﬁne the wavenumber, characteristic impedance and admittance as
k = ω
√
µ z0 =
ωµ
k
y0 =
1
z0
=
ω
k
(3)
the scalar Green’s function as g0(r) = e−ikr/4πr, the operator T [2] operating on a
tangential ﬁeld X as
TX = n×
{
−ik
∫
∂Ω
g0(R)X(y) dSy +
i
k
∮
∂Ω
∇yg0(R)∇ty ·X(y) dSy
}
(4)
and similarly the operator K [2] as
KX = n×
∫
∂Ω
∇yg0(R)×X(y) dSy (5)
In the deﬁning equations (4) and (5), R is the Euclidean distance ‖x − y‖ and ∮
stands for the Cauchy principal value integral. Note that K is a compact oper-
ator [12], while T contains a hyper-singular component necessitating the Cauchy
principal value operation. Some salient features of the operator T are described in
Lemma 2 of [5].
The Stratton-Chu equations for the equivalent currents M = n×E and J = n×H
are [2] :
P
(
M
z0J
)
=
(
M
z0J
)
(6)
where P is the block Caldero´n operator (I is the identity operator) :
P =
(
1
2 I +K −T
T 12 I +K
)
(7)
The operator P is an oblique projector, i.e., P2 = P. This implies the Caldero´n
identities
T K +KT = 0, K2 − T 2 = 1
4
I (8)
The complementary oblique projector I−P, of importance for the exterior problem,
is obtained by replacing K with −K and T with −T in (7). Equation (6) can be
written as (
1
2 I +K −T
T 12 I +K
)( NEt
z0J
)
=
( NEt
z0J
)
(9)
It is easily observed that T = NU , where U = U ′ is the C-symmetric operator
deﬁned as
UX = −ik
∫
∂Ω
g0(R)X(y) dSy +
i
k
∮
∂Ω
∇tyg0(R)∇ty ·X(y) dSy (10)
Since N ′ = −N and N 2 = −I, equation (9) can be reformulated as
H
(
Et
z0J
)
=
1
2
(
Et
z0J
)
(11)
where the block operator H is
H =
( −N 0
0 I
)( K −T
T K
)( N 0
0 I
)
=
( −NKN −U
NUN K
)
(12)
Deﬁning the dyadic (or matrix) kernel of K as K(x,y), it is clear that the kernel of
K′ is KT (y,x), where T is the matrix transpose. Now, since
K(x,y) = nx ×∇yg0(R)× (13)
we have
KT (y,x) = ∇xg0(R)× ny × (14)
= −∇yg0(R)× ny × (15)
= (nx×)2∇yg0(R)× ny × (16)
= nx × (nx ×∇yg0(R)×)ny× (17)
implying that NKN = K′. The block operator H can therefore be written as
H =
( −K′ −U
NUN K
)
(18)
A block operator of the form ( A B
C −A′
)
(19)
is called Hamiltonian [9, 10] provided B and C are C-symmetric, i.e., B′ = B and
C′ = C. Since U ′ = U and (NUN )′ = NUN , it is seen from formula (18) that H
has a Hamiltonian structure. Inserting J = YEt in formula (11), it is clear that the
admittance operator Y satisﬁes the two operator equations
−K′ − z0UY = 12I (20)
NUN + z0KY = 12z0Y (21)
Solving (20) for z0Y yields
z0Y = −U−1
(
1
2
I +K′
)
(22)
provided the operator U is invertible, which we assume (see also [5]). Rewriting the
operator equation (21) as
z0Y = NUN + z0
(
1
2
I +K
)
Y (23)
and inserting the solution (22) in the r.h.s. of (23) results in the explicitly C-
symmetric Schur complement form of the admittance operator
Y = y0
[
NUN −
(
1
2
I +K
)
U−1
(
1
2
I +K′
)]
(24)
Similarly, the exterior problem with Caldero´n projector I − P and Hamiltonian
−H results in the explicitly C-symmetric Schur complement form of the exterior
admittance operator
Y˜ = −y0
[
NUN −
(
1
2
I − K
)
U−1
(
1
2
I − K′
)]
(25)
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